
CES 512                                                                  Feb 6

Goals:
• Complete Chapter 3 (from Lecture 1) 
• Heap (Chapter 7)

• Definition 
• Algorithms for• Algorithms for

• Insert
• DeleteMin
• Heap-sort
• Build-heap

• Some applications of heap



Summary of Lecture 1:

Overview of algorithm design process:
• numerical algorithms
• non-numerical algorithms

Insertion sorting: has a best case performance of O(n) 
and the worst-case performance of O(n2).and the worst-case performance of O(n2).



Example of a max-heap – its two representations



Heap Sort:  Based on a clever data structure called a 
heap.
A heap is an array in which the keys will always be 
stored in index 1 to k for some k. Such an array is 
called a heap if when you view the heap as a full 
binary tree, the parent key is always <= the child key.
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class Heap
{int[]

HeapElements;
int Size}
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Insert 2 into the heap shown below:
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heap with sentinel looks as follows:
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Size = 6, so initially, j= 6; Since H[j/2]= 4 > 2, H[3] is copied to H[6]. Thus 
the heap now looks  as follows:
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The new value of j=3. Since 
H[j/2] =H[1] = 3 is also greater 
than 2, H[1] copied to H[3].
Now the heap looks as in the 
next slide.
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The new value of j = [3/2] 
= 1. 

Now, H[j/2] = H[0] -1 < 2 
so the iteration stops. 

The last line sets H[j] = 
H[1] = 2. 

4 6

H[1] = 2. 

The final heap looks as 
follows:
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•An obvious but important fact:

HeapElements[1] contains the smallest key.
Heap can support the following three operations 
very fast, i.e. in time O (log n) where n is the size of 
the heap.

• void Insert(int x) 
• int DeleteMin( )

• Informal description of the algorithm for Insert(x):

Find a place for x along the path from the leaf with index

Size/2 and the root (index = 1). 



More formal description:
Size++;
for (int j=Size; HeapElements[j/2] > x;

j/=2)
HeapElements[j]=HeapElements[j/2];

HeapElements[j] = x;

•Although the code is extremely simple, it is tricky.•Although the code is extremely simple, it is tricky.
Test it with some examples. 

•What happens if the key inserted is the smallest?



•Another fundamental property of a heap:

The length of the path from any leaf to the root is 
exactly [log (n+1)]. (Here height is defined as the 
number of nodes in any path from the root to a leaf.)

Conclusion: HeapInsert performs Ο (log n) basic Conclusion: HeapInsert performs Ο (log n) basic 
operations (comparisons and data movements) to 
insert a key into a heap of size n in the worst-case.



How to perform DeleteMin()?

• Remove the key stored in H[1] and store it in Temp (to be 
returned at the end of the procedure).

• Then, tentatively move the key in H[Size] into H[1] and 
call Heapify(1).



void Heapify(i) performs the following task:
Adjust(i) will make the tree rooted at i into a heap
given that the subtrees rooted at 2i and 2i+1 are 
heaps.

Example:
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Here, the subtrees rooted at 4 and 5 are heaps, but 
the subtree rooted at 2 is not. A call Heapify(2)
should make the subtree rooted at 2 into a heap.
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Outline of Adjust(i) as a recursive method:

k

L R

i
Note: 
Root of L has index 2i and the
root of R has index (2i+1).
Suppose H[2i] = x, H[2i+1]= y.

• Case 1: (k < x) && (k < y)  In this case, the tree rooted at is a 

?

x y

• Case 1: (k < x) && (k < y)  In this case, the tree rooted at is a 
heap. So, the procedure terminates.

•Case 2: (k > x) && (y > x). Thus, x is the minimum of the 
three keys k, x and y. Suppose we swap the keys k and x. 
Now the problem reduces to Adjust(2i). 

•Case 3: y = min {k, x, y}. In this case, swap k and y; 
Adjust(2i+1).
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Key observation: In order to perform Heapify(i), we perform 2 

y
h

Key observation: In order to perform Heapify(i), we perform 2 
comparisons at two comparisons at each level, and if the 
height of the tree is h, the total number of operations is at most 
2h. Since h <= log (n+1), the total number of comparisons 
performed is O(log n). 
Number of data movements is O(log n) as well (since at most 3 
data movements per level).



Max-Heapify pseudo-code



What we have seen thus far:
• insert into a heap.
• Max-Heapify to make the subtree rooted at i into a 
heap, given that subtrees rooted at 2*i and 2*i+1 are 
heaps. 
• deletemin from a heap.
• number of key comparisons (worst-case) 

• insert : [log n]• insert : [log n]
• DeleteMin : 2 *[log n]

• number of data movements (worst-case)
• insert: [log n]
• DeleteMin: [log n]



Heap Sorting

Input: Array A[ 1 .. n] of keys.

Output: The array A[1..n] with keys arranged in descending 
order.

1) Initialize the heap A[1]; let k = 2;1) Initialize the heap A[1]; let k = 2;

2) while (k <= n)

{A.insert(A[k]); ++k;}        n x O (log n) = O (n log n)

3) k = n; 

while (k >= 2)

A[k] = A.deletemin( );   n x O (log n) = O (n log n)



Build-heap

Given an array A of numbers (completely unordered). We 
want to convert A into a heap. We will need this at the start 
after we have read in the numbers from input etc. 



Example

What is the time complexity 
of this algorithm?





Some applications of priority queue

Huffman coding:
Problem: Given a text over a finite alphabet S, we want to 

encode each symbol using a string over {0,1} so that the total 
length of the encoded text is minimized?

Example: abracadabra  S = {a, b, c, d, r}
a -> 01, b -> 001, c-> 110, d -> 101, r-> 111a -> 01, b -> 001, c-> 110, d -> 101, r-> 111

Coded text: 
01 001 110 01 110 01 101 01 001 111 01

Prefix code: No code word is a prefix of any other.



Block code vs. variable-length code

• block code is a prefix code. (Example: ASCII, unicode 
etc.)

• variable length code.



Tree representation of the code



Huffman coding algorithm



Example


